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MOMENT MAP FOR COUPLED EQUATIONS OF KA¨HLER FORMS AND
CURVATURE
KING LEUNG LEE
Abstract. In this short note, we study some coupled metric equations in terms of moment map. As
a consequence, we will give an alternate moment map picture of coupled cscK equation and a special
case of coupled Ka¨hler Yang-Mill’s equation.
1. Introduction
In [Don00], Donaldson showed that some PDE equations can be considered as an infinite dimensional
moment map. In particular, in [Don01], [Don02], he studied the cscK equation using moment map picture.
This picture can help us to study other equations, such as J flow ([Don00], [LS15]). This picture can also be
used as studying a system of PDE equations, such as coupled Ka¨hler Yang-Mills equation ([ACGFGP13]).
In [HN18], Hultgren and Nystro¨m studied another canonical metrics, which is the coupled Ka¨hler Einstein
equation. After that, Datar and Pingali ([DP19]) studied the coupled cscK equation, and suggested this
equation is a moment map equation. Notice that this is the ”sum” of the equations
(1)
ωn−10 ∧ ωi = c1ωn0
ωn0 = ciω
n
i
for i = 1, ..., k, and the classical cscK equation
Sωn0 = Sω
n
0 .
Here c1, ..., ck are some constant depends on the Ka¨hler class ω1, ..., ωk.
In our notes, we will first focus on the system of coupled equations:
Definition 1.1 (coupled equation p). Let (X, ωX), (Y, ωY ) be symplectic manifolds which is diffeomorphic
to each other, 0 ≤ p ≤ n− 1 and let Map(X, Y ; p)+ be the space of diffeomorphism such that ωn−pX ∧ f∗ωpY
is a volume form (see definition (2.1)). Then the couple equation p is given by
µ : Map(X, Y ; p)+ → Lie(Ham(X, ωX) ×Ham(Y, ωY ))∗
(2)
ωn−p−1X ∧ f∗ωp+1Y
(n− p− 1)!(p + 1)! = c1
ωnX
n!
f∗ωn−pX ∧ ωpY
(n− p)!p! = c2
ωnY
n!
.
where c1, c2 > 0 such that ∫
X
ωn−p−1X ∧ f∗ωp+1Y
(n− p− 1)!(p + 1)! = c1
∫
X
ωnX
n!∫
Y
f∗ωn−pX ∧ ωpY
(n− p)!p! = c2
ωnY
n!
.
Definition 1.2. Let X be a compact Ka¨hler manifold with Ka¨hler forms ω0, ..., ωk. The we define generalised
ccscK equation to be the following:
k∑
i=0
(
ωpi+1i
(pi + 1)!
∧
ωn−pi−10,ϕ0
(n− pi − 1)
)
− Ric(ω0,ϕ0 , J0) ∧
ωn−10
(n− 1)! − c0
ωn0,ϕ0
n!
= 0
ωn−p10,ϕ0
(n− p1)!
∧
ωp11,ϕ1
p1!
− c1
ωn1,ϕ1
n!
= 0
...
ω
n−pk
0,ϕ0
(n− pk)!
∧
ω
pk
k,ϕk
pk!
− ck
ωnk,ϕk
n!
= 0
.
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We will give a moment map description for this coupled equation. As a consequence, we will show that
the system of equations has a moment map set up. Moreover, there exists a underlying space which has a
Ka¨hler structure and is compatible with the action. Hence, similar consequences in [Don00], [Wan04] (see
also [PS04], [PS10], [Sze´10], [LS15], [ACGFGP13]) can be applied, such as the uniqueness of the solution in
fixed Ka¨hler class, or we can define Futaki invariant, Mabuchi functional,which provide some obstructions for
the solvability of the coupled equation.
To conclude, following the definition 3.6, combining lemma 3.4 and theorem 3.9, we have:
Theorem 1.3. (Y~p,ΩJ,~p := ΩJ+Ω~p, Jˆ) is a Ka¨hler manifold which is closed under the action
k∏
i=0
Ham(Xi, ωi),
in which
(σ0, ..., σi) · (J, f1, ..., fk) = (σ−10 · J = Dσ0JDσ−10 , σ1 ◦ f1 ◦ σ−10 , · · · , σk ◦ fk ◦ σ−10 ).
Moreover, this action is isometric. Therefore, there is a moment map µJ ,~p(J, f1, ..., fk) which is given by
µJ ,~p(J, f1, ..., fk) =

k∑
i=0
(
f∗i ω
pi+1
i
(pi + 1)!
∧ ω
n−pi−1
0
(n− pi − 1)!
) −Ric(ω0, J) ∧
ωn−10
(n01)!
− c0 ω
n
0
n!
c1
ωn1
n!
− (f1)∗ω
n−p1
0
(n− p1)!
∧ ω
p1
1
p1!
...
ck
ωnk
n!
− (fk)∗ω
n−pk
0
(n− pk)!
∧ ω
pk
k
pk!

.
Beside, for a fixed (f1, ..., fk), we can define the orbit space
O
J,~f
:=
(
k∏
i=0
HamCJi(Xi, ωi)
)
· (J, f1, ..., fk).
Then the moment map equation is given by theorem 3.11:
Theorem 1.4. Consider the moment map µ~p : OJ,~f → Lie(H0× ...×Hk)∗ defined by theorem 3.9 restricted
on O
J,~f
. Then µ~p = 0 iff
k∑
i=0
(
f∗i ω
pi+1
i,ϕi
(pi + 1)!
∧
ωn−pi−10,ϕ0
(n− pi − 1)!
)
−Ric(ω0,ϕ0 , J0) ∧
ωn−10
(n− 1)! − c0
ωn0,ϕ0
n!
= 0
ωn−p10,ϕ0
(n− p1)!
∧
f∗1ω
p1
1,ϕ1
p1!
− c1
f∗1ω
n
1,ϕ1
n!
= 0
...
ω
n−pk
0,ϕ0
∧
f∗
k
ω
pk
k,ϕk
pk!
− ck
f∗kω
n
k,ϕk
n!
= 0
.
In particular, if X0 = · · · = Xk, f1 = f2 = · · · = fk = id, ~p = (0, ...,0), then this is the ccscK equation with
the classes fixed. Also, using similar idea, we can get an alternate set up for the coupled Ka¨hler Yang-Mills
equation (see [ACGFGP13]) for the case G = U(1)k
After that, we will provide some applications. We will recall some classical obstructions on solving the
equation µJ ,~p = 0 using the general theory of the moment map (for example, see [Wan04]).
Then, we will come back to discuss the Ka¨hler structure setting for the couple equation p. After that, we
discuss how to use this set up to study coupled Ka¨hler Yang-Mills equation in detail.
Acknowledgments. The author thank for my advisor in my doctorate degree, Jacob Sturm and Prof.
Xiaowei Wang, for many advises. Also, I appreciate YingYing Zhang for the discussion in Beijing. Besides,
I thank Raymond Chow, K.K. Kwong, Alan Lee, John Ma, Macro Suen for the discussion. The last but not
the least, I appreciate the help from my current advisor, Changzheng Li, and the support from Sun Yat-Sen
University.
2. moment map for coupled equation p
We first define a symplectic manifold.
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Definition 2.1. Let (X, ωX), (Y, ωY ) be two symplectic manifolds which X is diffeomorphic to Y . We define
(Map(X, Y ; p)+,Ωp) to be the space
Map(X, Y ; p)+ := {f ∈ Diffeo(X, Y )|ωn−p
X
∧ f∗ωp
Y
> 0}.
that is, ωn−p
X
∧ f∗ωp
Y
is a volume form, with the symplectic form
Ωp(δ1f, δ2f) :=
1
(n− p)!p!
∫
X
ωY (δ1f, δ2f)ω
n−p
X
∧ f∗ωp
Y
.
Notice that Ωp is a symplectic form on Map(X, Y ; p) as ωY is non degenerate and closed. Also, we have
a group H := Ham(X, ωX)×Ham(Y, ωY ) acts on Map(X, Y ; p) defined by
(σ, η) · f := η ◦ f ◦ σ−1,
where Ham(X, ωX) and Ham(Y, ωY ) are the Hamiltonian group with respect to ωX and ωY respectively.
Also, Map(X, Y ; p)+ is an open set in Map(X, Y ; p), hence it is also a symplectic manifold.
We will first show that the Hamiltonian action on Map(X, Y ; p) is closed in Map(X, Y ; p)+. Then up to
a constant, we can define a moment map µ : Map(X, Y ; p)+ → Lie(Ham(X, ωX))∗ × Lie(Ham(Y, ωY ))∗ by
(3) µp,ωXωY (f) = (ω
n−p−1
X ∧ f∗ωp+1Y − c1ωnX , f∗ωn−pX ∧ ωpY − c2ωnY ),
where c1 =
∫
X
ωn−p−1
X
∧ f∗ωp+1
Y∫
X
ωnX
, c2 =
∫
Y
f∗ωn−pX ∧ ωpY∫
Y
ωnY
.
In particular, if we take (X, ωX) = (X, ω1) and (Y, ωY ) = (X, ω2), then we will get the moment map for
coupled equation p.
Lemma 2.2. The group action H on Map(X, Y ; p) is closed in Map(X, Y ; p)+. Also, Ωp is invariant under
the action of H for p = 0, ..., n− 1.
Proof. Let ϕ : X → R be a test function, that is ϕ ≥ 0 is a smooth function, and there exists x ∈ X such
that ϕ(x) > 0
Le f ∈Map(X, Y ; p)+ and denote u = σ−1(x). Then∫
X
ϕ(x)ωn−pX ∧ (η ◦ f ◦ σ−1)∗ωpY =
∫
X
ϕ(x)ωn−pX ∧ (σ−1)∗f∗η∗ωpY
=
∫
X
ϕ(u)σ∗ωn−pX ∧ f∗η∗ωpY |u
=
∫
X
ϕ(u)ωn−pX ∧ f∗ωpY |u
=
∫
X
ϕ(x)ωn−pX ∧ f∗ωpY > 0.
Hence η ◦ f ◦σ−1 ∈ Map(X, Y ; p)+. Also, when we put ϕ(x) = 1, we can see the volume is the same. Finally,
notice that (σ, η) · ϕ|x = Dηϕ|σ−1(x). Hence∫
X
ωY (Dηϕ,Dηψ)|η◦f◦σ−1(x)ωn−pX ∧ (σ−1)∗f∗η∗ωpY
=
∫
X
ωY (Dηϕ,Dηψ)|η◦f(x)σ∗ωn−pX ∧ f∗σ∗Y ωpY
=
∫
X
η∗ωY (ϕ, ψ)|f(x)σ∗ωn−pX ∧ f∗η∗ωpY
=
∫
X
ωY (ϕ, ψ)|f(x)ωn−pX ∧ f∗ωpY .

Remark 2.3. The proof also apply for the case p = n. Indeed, Sym(X, ωX)×Sym(Y, ωY ) ⊂ Sym(Map(X, Y ),Ωp)
for all p = 0, ..., n.
Before we prove the first main theorem, we first prove a technical lemma.
Lemma 2.4. Let (X,α, β) be a symplectic manifold with symplectic forms α, β. Denote γp := αn−1−p∧βp.
If αn−p ∧ βp > 0, then for any u, v ∈ TX,
nιuα ∧ ιvβ ∧ γp = −β(u, v)α ∧ γp.
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Proof. We prove it on local coordinate. As α∧ γp > 0, it is a volume form, so if we denote α = Aij , then for
any 2 form η = dij ,
nη ∧ γp
α ∧ γp
= dijA
ji,
where Aji is the inverse matric of Aij . As a result, if we denote u = u
i, v = vi, β = Bij , then
nιuα ∧ ιvβ ∧ γp
α ∧ γp
= uiAijv
kBklA
lj = ulvkBkl = −β(u, v).

We now give the first theorem of this note.
Theorem 2.5. Let 0 ≤ p ≤ n − 1, then the map µ : Map(X, Y ; p)+ → Lie(Ham(X, ωX) × Ham(Y, ωY ))∗
defined by
µ(f) :=
n
n− p
(
c1
ωnX
n!
− ω
n−1−p
X
(n− 1− p)! ∧ f
∗ ω
p+1
Y
(p + 1)!
,
f∗ωn−pX
(n− p)! ∧
ωpY
p!
− c2
ωnY
n!
)
is a moment map with respect to the action η ◦ f ◦ σ−1, where
c1 := c1(f) =
n!
(n− 1− p)!(p+ 1)!
∫
X
ωn−1−p
X
∧ f∗ωp+1
Y∫
X
ωn1
, c2 := c2(f) =
n!
(n− p)!p!
∫
Y
f∗ωn−pX ∧ ωpY∫
Y
ωnY
.
Proof. Recall that Lie(Ham(X, ωX)) ∼= C∞0 (X,R) := {ϕ|
∫
X
ϕωnX = 0} such that for any ϕ ∈ C∞(X,R),
dϕ = ιξϕωX .
Hence we have Lie(Ham(X, ωX))
∗ is isomorphic to the volume form of X. We let (ϕ, ψ) ∈ C∞(X)×C∞(Y ),
then
n(n−p)H(ϕ,ψ)(f) = n
(
−
∫
X
ϕ
ωn−1−pX
(n− 1− p)! ∧ f
∗ ω
p+1
Y
(p+ 1)!
+ c1
∫
X
ϕ
ωnX
n!
+
∫
Y
ψ
f∗ωn−pX
(n− p)! ∧
ωpY
p!
− c2
∫
Y
ψ
ωnY
n!
)
.
Let ft be a family of diffeomorphism. By defining ηt = ft ◦ f−1, then ft = ηt ◦ f . we denote
v =
d
dt
∣∣∣∣
t=0
ηt ∈ Tid(Map(Y, Y ; p)+).
Notice that f∗ωY is a symplectic form which is closed, therefore,
d
dt
∣∣∣∣
t=0
f∗t ωY =
d
dt
∣∣∣∣
t=0
f∗η∗t ωY = f
∗LvωY = f∗dιvωY = df∗ιvωY .
Similarly,
d
dt
∣∣∣∣
t=0
ft∗ωX =
d
dt
∣∣∣∣
t=0
ηt∗f∗ωX = dιvf∗ωX .
Notice that these are exact forms. By the fact that for any compact manifold M2n, and for any 2k − 1 form
β and 2n− 2k closed form α, ∫
M
α ∧ dβ = −
∫
M
(dα) ∧ β = 0.
It implies
d
dt
∫
X
ωn−pX ∧ f∗t ωpY =
d
dt
∫
Y
ft∗ω
n−p
X ∧ ωpY = 0.
We now identify v′ ∈ TMap(X, Y ) and v ∈ TMap(Y, Y ) by
v|f(x) = v′|x.
Then
dH(ϕ,ψ)(v
′)
=
−n
(n− p)!(p)!
∫
X
ϕωn−1−pX ∧ f∗ωpY ∧
(
d
dt
f∗t ωY (·, ·)
)
+
n
(n− p)!p!
∫
Y
ψ
(
d
dt
(f−1t )
∗ωX
)
∧ f∗ωn−p−1X ∧ ωpY
=
−n
(n− p)!(p)!
∫
X
ϕωn−1−pX ∧ f∗ωpY ∧ df∗ιvωY +
n
(n− p)!p!
∫
Y
ψdιvf∗ωX ∧ f∗ωn−p−1X ∧ ωpY
=
n
(n− p)!(p)!
∫
X
dϕ ∧ f∗ιvωY ∧ ωn−1−pX ∧ f∗ωpY −
n
(n− p)!p!
∫
Y
dψ ∧ ιvf∗ωX ∧ f∗ωn−p−1X ∧ ωpY
=
n
(n− p)!(p)!
∫
X
ιξϕωX ∧ f∗ιvωY ∧ αf −
n
(n− p)!p!
∫
Y
ιξψωY ∧ ιvf∗ωX ∧ f∗αf ,
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where αf = ω
n−p−1
X ∧ f∗ωpY . By Lemma 2.4, as f∗αf = f∗ωn−p−1X ∧ ωpY ,
nιξψωY ∧ ιvf∗ωX ∧ αf = −nιvf∗ωX ∧ ιξψωY ∧ αf = ωY (v, ξψ)f∗ωX ∧ αf = −ωY (ξψ , v)f∗ωX ∧ αf .
Also,
nιξϕωX ∧ f∗ιvωY ∧ αf |x =nf∗
(
ιf∗ξϕf∗ωX ∧ ιvωY ∧ f∗αf |f(x)
)
=− ωY (f∗ξϕ|x, v|f(x))f∗(f∗ωX ∧ f∗αf |f(x))
=− ωY (f∗ξϕ, v′)ωX ∧ αf .
Therefore,
dH(ϕ,ψ)(v
′)
=
1
(n− p)!p!
(
−
∫
X
ωY (f∗ξϕ, v′)ωX ∧ αf +
∫
Y
ωY (ξψ , v)f∗ωX ∧ f∗αf
)
=
1
(n− p)!p!
(
−
∫
X
ωY (f∗ξϕ, v′)ωX ∧ αf +
∫
X
ωY (ξψ ◦ f, v′)ωX ∧ αf
)
=
1
(n− p)!p!
(∫
X
ωY (ξψ ◦ f, v′)ωX ∧ αf −
∫
X
ωY (f∗ξϕ, v′)ωX ∧ αf
)
.
On the other hands, for the action η ◦ f ◦ σ−1, with (ϕ, ψ) ∈ C∞(X) × C∞(Y ), the induce vector field is
given by
X(ϕ,ψ) = ξψ ◦ f − f∗ · ξϕ.
So
ιX(ϕ,ψ)Ωp(v) =
1
(n− p)!p!
∫
X
ωY (ξψ ◦ f − f∗ · ξϕ, v′)ωX ∧ αf = dH(ϕ,ψ).

Remark 2.6. Notice that Map(X, Y ; p)+ is an open set in Map(X, Y ; p), hence it is still a symplectic
submanifold. Also, c1, c2 may not be constant, as Diffeo(X, Y ; p)+ may not be connected. However, if f1, f2
are path connected, then c1(f1) = c1(f2) and c2(f1) = c2(f2).
Definition 2.7. We call the above moment map to be moment map p with respect to ωX , ωY , denoted as
µp;ωX ,ωY , or simply µp if no confusion.
Finally, we define the ”dual” moment map by the following.
Definition 2.8. We define the dual moment map of µp to be µ∗p : Map(Y,X;n− p− 1)+ → Ham(Y, ωY )×
Ham(X, ωX), with
µ∗p(g) := µn−p−1,ωY ,ωX (g) =
n
p+ 1
(
c1
ωnY
n!
− ω
p
Y ∧ g∗ωn−pX
p!(n− p)! ,
g∗ωp+1Y ∧ ωn−p−1X
(p + 1)!(n− p − 1)! − c2
ωnX
n!
)
.
Notice that (µ∗p)∗ = µp. Also, it is obvious that
Lemma 2.9. f : X → Y solves couple equation p (i.e., µp(f) = 0), iff f−1 solve
µ∗p(g) = 0.
Proof. f∗ = f−1∗ and f∗ = (f−1)∗, result follows. 
We can also define Z∗p = Zn−p−1 ⊂Map(Y,X). Then we can consider
Y∗p := {(J, g) ∈ J (X, ωX)×Map(Y,X)|g∗J = Dg−1JDg ∈ J (Y, ωY )} ⊂ J (X, ωX)× Z∗p .
Then Ham(Y, ωY ) × Ham(X, ω) action is closed in Y∗p , and we will basically get the same moment map
equation. The main different is, if we put g = f−1, and we reorder the domain into Lie(Ham(X, ωX) ×
Ham(Y, ωY ))
∗,
µ∗p(f
−1) =
n
p+ 1
(
ωn−p−1X ∧ f−1∗ ωp+1Y
(n − p− 1)!(p + 1)! − c2d
ωnX
n!
, c1
ωnY
n!
− ω
p
Y ∧ f−1
∗
ωn−pX
(n− p)!p!
)
= − p+ 1
n− pµp(f).
Hence, we can change the sign of the moment map without changing the action on Map(X, Y ).
Also, we can change the sign by changing the action. For example, we may change the action to be
η−1 ◦ f ◦ σ−1, then the sign of the second part of the moment map will change.
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3. moment map picture for coupled equations with curvature
3.1. Combining moment maps. We now use this moment map to get some coupled equations related to
Ricci curvature. Recall that we have the following fact:
Lemma 3.1. Let (M1, α1), (M2, α2) be two symplectic manifolds with hamiltonian group action G1, G2,
and the corresponding moment map be µi : Mi → Lie(Gi)∗. Let H be a subgroup of G1 × G2 and M be
a (even dimensional) submanifold of M1 ×M2 such that H is closed under M and (Ω1 + Ω2)|M is non
degenerated (i.e, it is a symplectic form). Then the map µ : M → Lie(H)∗ corresponding to the symplectic
form Ω1 + Ω2 defined by
µH = ProjLie(H)∗ (µ1, µ2)|M
is a moment map, where ProjLie(H)∗ : Lie(G1)
∗ × Lie(G2)∗ → Lie(H)∗ is the projection map.
Using this lemma, we can combine the moment map we defined above and the scalar curvature to get
different coupled equations.
Remark 3.2. If Ω is a Ka¨hler form, and M is a complex submanifold, then Ω|M is also a Ka¨hler form.
However, for a random submanifold, even the dimsnsion is correct, Ω|M may not be non degenerated. For
example, we may take M ⊂ L, the Lagrangian of M1 ×M2.
Let Y = X with symplectic forms ωi. Let Zi := Map((X, ω0), (X, ωi); p)+,
Ωp,i((δf)1 , (δf)2) :=
∫
X
ωi((δf)1 , (δf)2)ω
n−p
0 ∧ f∗ωpi .
Denote Ham(X, ωi) := Hi, and we denote the corresponding moment map to be µp,i, in which
µp,i(f) :=
n
n− p
(
c1,i
ωn0
n!
− ω
n−1−p
0
(n− 1− p)! ∧ f
∗ ω
p+1
i
(p + 1)!
,
f∗ωn−p0
(n− p)! ∧
ωpi
p!
− c2,i
ωni
n!
)
,
by theorem 2.5. Then by considering the space Z1 ×Z3 × · · · Zk with
Ω =
k∑
i=1
n− p
n
π∗i−1Ωp,i,
we have a moment map µp : Z1 × ...Zk → Πki=1(H1 ×Hi) defined by
µp =
n− p
n
(µp,1, ..., µp,k).
The next step is finding the suitable subgroup so that the image of moment map can be combined. To be
precise, consider the embedding ι : H1 × ...Hk → (H1 ×H2)× · · · × (H1 ×Hk) defined by
ι(σ1, ..., σk) = (σ1, σ2, σ1, σ3, ..., σ1, σk)
induce a map ι : Lie(Πki=2(H1 ×Hi))∗ → Lie(H1 ×H2 × ...×Hk)∗. Hence the moment map µp := ι∗ ◦µp|Z
is given by
µp(f1, ..., fk) =

c0
ωn1
n!
− f
∗
1ω
p+1
1 + ...+ f
∗
kω
p+1
k
(p+ 1)!
∧ ω
n−p−1
0
(n− p− 1)!
f1∗ω
n−p
0
(n− p)! ∧
ωp1
p!
− c1 ω
n
1
n!
...
fk∗ω
n−p
0
(n− p)! ∧
ωp
k
p!
− ck
ωnk
n!
.
In general, for different i, we can choose different 0 ≤ pi ≤ n− 1, hence we have the following:
Lemma 3.3. Let (Xi, ωi, Ji) be Ka¨hler manifolds, where X0 diffeomorphic to Xi for all i = 0, 1, ..., k.
Denote ~p = (p1, ..., pk). Consider the space
Z~p :=
k∏
i=1
Map(X0,Xi)
+
pi
,
where
Map(X0,Xi)
+
p := {f ∈Map(X0,Xi)|ωn−pi0 ∧ f∗ωpii > 0}.
We define the symplectic form on Z(p1, ..., pk) by
Ω~p((v1, ..., vk), (w1, ...,wk)) :=
∑
i
n− pi
n
∫
X
ωi(vi, wi)ω
n−pi
0 ∧ ωpii .
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Then with the action of
∏k
i=0Ham(Xi, ωi), the moment map is given by
µ~p(~f) :=

c0
ωn0
n!
−
k∑
i=1
ω
n−pi−1
0
(n− pi − 1)!
∧ f
∗
i ω
pi+1
i
(pi + 1)!
f1∗ω
n−p1
0
(n− p1)!
∧ ω
p1
1
p1!
− c1
ωn1
n!
..
.
fk∗ω
n−pk
0
(n− pk)!
∧ ω
pk
k
pk!
− ck
ωnk
n!
.
Also, by identifying Zi and Z∗i , and considering
Ω∗ =
k∑
i=1
p+ 1
n
π∗i−1|Ωi,
we have
µ∗~p(~f) :=

k∑
i=1
ω
n−pi−1
0
(n− pi − 1)!
∧ f
∗
i ω
pi+1
i
(pi + 1)!
− c0
ωn0
n!
c1
ωn1
n!
− f1∗ω
n−p1
0
(n− p1)!
∧ ω
p1
1
p1!
...
ck
ωnk
n!
− fk∗ω
n−pk
0
(n− pk)!
∧ ω
pk
k
pk!
.
Let (J (X, ωX),ΩJ ) to be the space of all integrable almost complex structure which are compatible to
ωX , and for all A,B ∈ TJJ (X, ωX),
ΩJ (A,B) =
∫
X
〈A,B〉gJ ωnX ,
where gJ (v, w) = ω(v, Jw). Also, let the action Ham(X, ωX) acts on J (X, ωX) by
σ · J = Dσ−1 · J ·Dσ.
Then we have a moment map ([Don00],[Don01]) µJ : J (X, ωX)→ Lie(Ham(X, ωX))∗ ∼= ∧n(X) is given by
µJ (σϕ) = Ric(ωϕ) ∧
ωn−1ϕ
(n− 1)! − S¯
ωn
n!
=
(
Sϕ − S
)
ωnX,ϕ,
where σ∗ϕωX = ωX,ϕ. To sum up, we have the following lemma.
Lemma 3.4. Let Z~p as above and consider J (X, ωX)×Z~p,ΩJ,~p := π∗JΩJ +π∗ZΩ~p, then we have a moment
map
µ : J (X, ωX) ×Z~p → Lie(H1 ×H1 × ...×Hk)∗
defined by
µ̂J ,~p(J, f1, ..., fk) = (µJ , µ∗Z ).
Moreover, by consider the group action ι : H0 × ...×Hk → H0 ×H0 ×H1 × ...×Hk by
ι(σ0, σ1, ..., σk) = (σ
−1
0 , σ0, σ1, ..., σk)
we can restrict the moment map to be
µJ ,~p : J (X, ωX)× Z~p × Lie(H0 × ...×Hk)∗
which is given by
µJ ,~p(J, f1, ..., fk) =

k∑
i=0
(
f∗i ω
pi+1
i
(pi + 1)!
∧ ω
n−pi−1
0
(n− pi − 1)!
)
− Ric(ω0, J) ∧
ωn−10
(n− 1)! − c0
ωn0
n!
c1
ωn1
n!
− (f1)∗ω
n−p1
0
(n− p1)!
∧ ω
p1
1
p1!
.
..
ck
ωnk
n!
− (fk)∗ω
n−pk
0
(n− pk)!
∧ ω
pk
k
pk!

.
Remark 3.5. We can consider the action on Zi to be (σ, η) · fi = (η−1 ◦ fi ◦ σ−1), then we can change the
sign of all the expression ciωn0 − fi∗ωni .
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Notice that it is not the equation we want yet. In the next section, we will define suitable submanifold
which is the domain of the moment map, and discuss how to transform this moment map equation into the
moment map equation we want.
3.2. Ka¨hler structure on generalised ccscK.
Definition 3.6. Define Y~p ⊂ J (X0, ω0)×Z~p by
Y~p := {(J, f1, .., fk)|Jfi ∈ J (Xi, ωi).}
Notice that we have a natural almost complex structure on J (X0, ω0) ×
∏k
i=1Map(X0,Xi), denote by Jˆ
which
Jˆ(δJ, δf1, ..., δfk) = (JδJ, J
f1δf1, ..., J
fkδfk),
where Jf := DfJDf−1.
Lemma 3.7. Jˆ is integrable.
Proof. For simplicity, we just consider the case J (X, ωX) ×Map(X, Y ). Notice that as a smooth manifold,
this is just a product manifold, so if (A, v), (B, w) ∈ TJ,fJ (X, ωX) ×Map(X, Y ), then [A, v] = [B,w] = 0.
Notice that although Jfv ∈ TJ,fMap(X, Y ), B(J˜f v) may not be 0 as the vector field J˜fv depends on J as
well. That is, iff {Ai, vi} are basis of J ×Map(X, Y ), then
J˜fv =
∑
i∈I
si(J, f)∂vi,
where only finite terms are non zero. Notice that
A(Jfv) 6= 0.
N
Jˆ
((A, v), (B, w)) = [(A, v), (B,w)] + Jˆ [(JA, Jfv), (B,w)] + Jˆ [(A, v), (JB, Jfx)]− [(JA, Jfv), (JB, Jfw)].
Also, as the basis {Ai, JAi} may not be compatible with the basis {Ai, vi}, it is possible that JAi depends
on f as well. By bilinearity and the fact that both J and Jf are integrable, we only need to consider the
cross term. Also, by bilinearity, we may assume (A, v), (B,w) are in the basis. Locally, we may assume
Jfv =
∑
i
ai(J, f)vi, J
fw =
∑
i
bi(J, f)vi, JA =
∑
i
ci(J)Ai, JB =
∑
i
di(J)Ai.
Also,
∂Aivj = ∂vjAi = 0
N
Jˆ
((A, v), (B,w))
=[(A, 0), (0, w)] + Jˆ [(JA, 0), (0, w)] + Jˆ[(A, 0), (0, Jfw)]− [(JA, 0), (0, Jfw)]
+ [(0, v), (B, 0)] + Jˆ [(0, Jfv), (B, 0)] + Jˆ [(0, v), (JB, 0)]− [(0, Jfv), (JB, 0)]
=Aw −wA+ Jˆ((JA)w −w(JA)) + Jˆ(A(Jfw)− (Jfw)A)− (JA(Jfw)− (Jfw)(JA))
+ vB −Bv + Jˆ((Jfv)B − B(Jf v)) + Jˆ(v(JB) − (JB)v) − (Jfv(JB) − (JB)(Jf v))
= + Jˆ(A(Jfw))− JA(Jfw)− Jˆ(B(Jf v)) + (JB)(Jf v)
=Jf ((∂AJ
f )w + Jf (∂Aw)− ∂JA(Jf )w − Jf (∂JAw)− Jf (∂B(Jf )v + Jf∂Bv) + (∂JBDf )v + Jf∂JBv
=(DfJDf−1)(DfADf−1)w −Df(JA)Df−1w − (DfJDf−1)(DfBDf−1)v +DfJBDf−1v
=0.

Lemma 3.8. Y~p is a complex manifold with integrable almost complex structure Jˆ.
Proof. Consider the map
F : J (X0, ω0)×Z~p → J (X0, ω0)×
k∏
i=1
J (Xi)
defined by
F (J, f1, ..., fk) = (J, J
f1 , ..., Jfk ) = (J,Df1JDf
−1
1 , ...,DfkJDf
−1
k
).
Notice that
DF (A, v1, ..., vk) = A+
k∑
i=1
(DviJDf
−1
i −DfiJDf−1i DviDf−1i ) = A+
k∑
i=1
([DviDf
−1
i , J
fk ]).
Hence it is differentiable.
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Also,
J˜DF (A,~v)|J,f = (JA, Jf1v1, ..., Jfkvk) = DFJˆ(A,~v)|J,f ,
so F is holomorphic. Therefore,
Y~p = F−1(J (X0, ω0)×
k∏
i=1
J (Xi, ωi))
is a complex submanifold of J (X0, ω0)× Z~p. 
Theorem 3.9. (Y~p,ΩJ,~p := ΩJ+Ω~p, Jˆ) is a Ka¨hler manifold which is closed under the action
k∏
i=0
Ham(Xi, ωi),
in which
(σ0, ..., σi) · (J, f1, ..., fk) =(σ−10 · J, σ1 ◦ f1 ◦ σ−10 , · · · , σk ◦ fk ◦ σ−10 )
=(Dσ0JDσ
−1
0 , σ1 ◦ f1 ◦ σ−10 , · · · , σk ◦ fk ◦ σ−10 ).
Moreover, this action is isometric. Hence the moment map defined in Lemma 3.4 can be restricted in Y~p.
We denote this moment map as µJ ,~p.
Proof. Let (A, ϕ1, ..., ϕk), (B, ψ1, ..., ψk) ∈ T(J,f1,...,fk)Y~p. Then
ΩJ,~p((A, ϕ1, ..., ϕk), (B, ψ1, ..., ψk)) := 〈A,B〉ω0 +
k∑
i=1
(n− pi)
(n− pi)!pi!
∫
Xi
ωi(ϕi, ψi)ω
n−pi
0 ∧ f∗i ωpii .
Then
ΩJ,~p(Jˆ(A,ϕ1, ..., ϕk), Jˆ(B, ψ1, ..., ψk))
=〈JA, JB〉ω0 +
k∑
i=1
(n− pi)
(n− pi)!pi!
∫
Xi
ωi(J
fiϕi, J
fiψi)ω
n−pi
0 ∧ f∗i ωpii
=〈A,B〉ω0 +
k∑
i=1
(n− pi)
(n− pi)!pi!
∫
Xi
ωi(ϕi, ψi)ω
n−pi
0 ∧ f∗i ωpii = ΩJ,~p((A, ϕ1, ..., ϕk), (B, ψ1, ..., ψk))
as Jfi ∈ J (Xi, ωi). Hence ΩJ,~p is J invariant, which implies it is a Ka¨hler form.
For the action part, first,
(σ0, ..., σi) · (J, Jf1 , · · · , Jfk )
=(Dσ0JDσ
−1
0 ,Dσ1Df1Dσ
−1
0 Dσ0JDσ
−1
0 Dσ0Df
−1
1 Dσ
−1
1 , · · · ,DσkDfkDσ−10 Dσ0JDσ−10 Dσ0Df−1k Dσ−1k )
=(Dσ0JDσ
−1
0 ,Dσ1Df1JDf
−1
1 Dσ
−1
1 , · · · , DσkDfkJDf−1k Dσ−1k ).
As Jfi ∈ J (Xi, ωi), ωi(Jfi ·, Jfi ·) = ωi(·, ·),
ωi((DσiJ
fiDσ−1i )·, (DσiJfiDσ−1i )·) =σ∗i ωi(JfiDσ−1i ·, JfiDσ−1i ·)
=ωi(J
fiDσ−1i ·, JfiDσ−1i ·)
=ωi(Dσ
−1
i ·,Dσ−1i ·)
=σ∗i ωi(Dσ
−1
i ·,Dσ−1i ·)
=ωi(·, ·).
Hence (σ0, ..., σi) · (J, Jf1 , · · · , Jfk ) ∈ Y~p.
Finally, we know that 〈A,B〉ω0 is isometric. Notice that (σ0, σi) · ϕi|x = Dσiϕi|σ−10 (x). Hence∫
Xi
ωi(Dσiϕi,Dσiψi)|σi◦fi◦σ−10 (x)ω
n−pi
0 ∧ (σ−10 )∗f∗i σ∗i ωpii
=
∫
Xi
ωi(Dσiϕi,Dσiψi)|σi◦fi(x)σ∗0ω
n−pi
0 ∧ f∗i σ∗i ωpii
=
∫
Xi
σ∗i ωi(ϕi, ψi)|fi(x)σ∗0ω
n−pi
0 ∧ f∗i σ∗i ωpii
=
∫
Xi
ωi(ϕi, ψi)|fi(x)ω
n−pi
0 ∧ f∗i ωpii .
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Result follows. 
Recall that HamCJ (X, ωX), where
HamCJ(X, ωX) = {ϕ ∈Map(X,X)|ϕ∗ωX = ωX +
√−1∂J ∂¯Jhϕ}
for some Ka¨hler potential h. Notice that the
∏k
i=0Ham(Xi, ωi) action is closed in Y~p and Y~p is a complex
manifold implies that the orbit space
O
J,~f
:=
(
k∏
i=0
HamCJi(Xi, ωi)
)
· (J, f1, ..., fk)
is in Y~p. Moreover,
F ((ϕ0, · · · , ϕk) · (J, f1, · · · , fk))
=F (Dσ0JDσ
−1
0 , σ1 ◦ f1 ◦ σ−10 , · · · , σk ◦ fk ◦ σ−1k )
=(Dσ0JDσ
−1
0 ,D(σ1 ◦ f1 ◦ σ−10 )(Dσ0JDσ−10 )D(σ1 ◦ f1 ◦ σ−10 )−1, · · · ,D(σk ◦ fk ◦ σ−10 )(Dσ0JDσ−10 )D(σk ◦ fk ◦ σ−10 )−1)
=(Dσ0JDσ
−1
0 ,D(σ1 ◦ f1)JD(σ1 ◦ f1)−1, · · · , D(σk ◦ fk)JD(σk ◦ fk)−1)
=(ϕ0, · · · , ϕk) · F (J, f1, · · · , fk)
will implies
O
J,~f
= F−1(
k∏
i=0
(HamCJi (X, ωi)),
hence O
J,~f
is also a Ka¨hler manifold.
Remark 3.10. Notice that although we can define (ϕ0, · · · , ϕk) ·(J, f1, ..., fk), HamCJ(X, ωX) is not a group.
As a remark, we can consider the orbit space as a subset of the action coming from
k∏
i=0
Diffeo(Xi).
Theorem 3.11. Consider the moment map µJ ,~p : OJ,~f → Lie(H0 × ... × Hk)∗ defined by theorem 3.9
restricted on O
J,~f
. Then µ~p = 0 iff

k∑
i=1
(
f∗i ω
pi+1
i,ϕi
(pi + 1)!
∧
ωn−pi−10,ϕ0
(n− pi − 1)!
)
−Ric(ω0,ϕ0 , J0) ∧
ωn−10,ϕ0
(n− 1)! − c0
ωn0,ϕ0
n!
= 0
ωn−p10,ϕ0
(n− p1)!
∧
f∗1ω
p1
1,ϕ1
p1!
− c1
f∗1ω
n
1,ϕ1
n!
= 0
..
.
ω
n−pk
0,ϕ0
(n− pk)!
∧
f∗kω
pk
k,ϕk
pk!
− ck
f∗kω
n
k,ϕk
n!
= 0
.
In particular, if X0 = · · · = Xk, f1 = f2 = · · · = fk = id, ~p = (0, ..., 0), then this is the ccscK equation with
the classes fixed.
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Proof. 
k∑
i=0
(ϕ−10 )
∗f∗i ϕ
∗
i ω
pi+1
i ∧ ωn−pi−10
(n− pi − 1)!(pi + 1)!
−Ric(ω0, Jϕ
−1
0
0 ) ∧
ωn−10
(n− 1)! − c0
ωn0
n!
= 0
c1
ωn1
n!
− ϕ1∗(f1)∗(ϕ
−1
0 )∗ω
n−p1
0 ∧ ωp11
(n− p1)!p1!
= 0
..
.
ck
ωnk
n!
− ϕk∗(fk)∗(ϕ
−1
0 )∗ω
n−pk
0 ∧ ωpkk
(n− pk)!pk!
= 0
k∑
i=0
f∗i ω
pi+1
i,ϕi
∧ ωn−pi−10,ϕ0
(pi + 1)!(n− pi − 1)!
− ϕ∗0Ric(ω0, J
ϕ
−1
0
0 ) ∧
ϕ∗0ω
n−1
0
(n− 1)! − c0
ωn0,ϕ0
n!
= 0
ϕ∗0ω
n−p1
0 ∧ f∗1ϕ∗1ωp11
(n− p1)!p1!
− c1 f
∗
1ϕ
∗
1ω
n
1
n!
= 0
...
ϕ∗0ω
n−pk
0 ∧ f∗kϕ∗kω
pk
k
(n− pk)!pk!
− ck
f∗kϕ
∗
kω
n
k
n!
= 0
k∑
i=0
f∗i ω
pi+1
i,ϕi
∧ ωn−pi−10,ϕ0
(pi + 1)!(n− pi − 1)!
−Ric(ω0,ϕ0 , J0) ∧
ωn−10,ϕ0
(n− 1)! − c0ω
n
0,ϕ0
= 0
ωn−p10,ϕ0 ∧ f∗1ω
p1
1,ϕ1
(n− p1)!p1!
− c1
f∗1ω
n
1,ϕ1
n!
= 0
...
ω
n−pk
0,ϕ0
∧ f∗kω
pk
k,ϕk
(n− pk)!pk!
− ck
f∗kω
n
k,ϕk
n!
= 0.
.
Finally, if fi = id, and pi = 0, then f∗i ωi,ϕi = ωi,ϕi , the equations become
k∑
i=0
(ωi,ϕi −Ric(ω0,ϕ0 ), J0) ∧ ωn−10,ϕ0 − c0ω
n
0,ϕ0
= 0
ωn0,ϕ0 − c1ωn1,ϕ1 = 0
...
ωn0,ϕ0 − ckωnk,ϕk = 0,
which is the ccscK equation. 
As a remark, ci are constants along the whole orbit. Also, we can replace ωi by aiωi, so the equation
becomes 
k∑
i=1
ai
(
f∗i ω
pi+1
i,ϕi
(pi + 1)!
∧
ω
n−pi−1
0,ϕ0
(n− pi − 1)!
)
− Ric(ω0,ϕ0 , J0) ∧
ωn−10,ϕ0
(n− 1)! − b0
ωn0,ϕ0
n!
= 0
ωn−p10,ϕ0
(n− p1)!
∧
f∗1ω
p1
1,ϕ1
p1!
− b1
f∗1ω
n
1,ϕ1
n!
= 0
..
.
ω
n−pk
0,ϕ0
(n− pk)!
∧
f∗
k
ω
pk
k,ϕk
pk!
− bk
f∗kω
n
k,ϕk
n!
= 0,
where bi are the normalizing constants.
3.3. Alternate set up for a special case of Ka¨hler Yang-Mills equation. We first construct the
moment map equation described in [ACGFGP13] for U(1) case. Notice that to solve the equation, we first
need
µ(J, f) = α0µJ (J) + α1µ∗1(f) +
α2
n
µ0(f)
under a suitable subspace. So, we consider
YM01 := {(J, f, g) ∈ J (X, ωX)×Map(X, Y )×Map(Y,X;n− 2)+|f = g, Jf ∈ J (X, ω1)}
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with the action defined before. Also, we define
ΩJ ,01;α0,α1,α2 = α0ΩJ + α1Ω0 +
2
n
α2Ω
∗
1,
then
Proposition 3.12. YM01 is Ka¨hler and closed under the action. Moreover, by choosing suitable α0, α1, α2,
the moment map µJ ,01 : YM01 → Lie(Ham(X, ωX)×Ham(Y, ωY ))∗ is given by
µ(J, f) =

−α0
Ric(X, ωX , J) ∧ ωn−1X
(n− 1)! + α1
ωn−1X
(n− 1)! ∧ f
∗ωY − α2
ω2X ∧ f∗ωn−2Y
(n− 2)!2! + zω
n
X
α2
f∗ωn−1X
(n− 1)! ∧ ωY − α1
f∗ωnX
n!
 ,
where z =
S¯
2
− c10α1 − c11α2, and we choose α1 such that c20α1 − c21α2 = 0. As a corollary, µJ ,01 = 0 iff
α0
Ric(X, ωX , J) ∧ ωn−1X
(n− 1)! + α2
ω2X ∧ f∗ωn−2Y
(n− 2)!2! = cω
n
x
f∗ωn−1X
(n− 1)! ∧ ωY = d
f∗ωnX
n!
,
where d =
α1
α2
, c = α1d+ z.
Proof. Notice that YM01 ∼= Y0. The complex structure is defined directly by Y0. Then ΩJ is J invariant
and Ω0 is Jf invariant. Also, if we define inv : Map(X, Y ) → Map(Y,X), and we define J ′ on Map(Y,X)
such that
inv∗(Jf δf) = J ′inv∗δf,
then
J ′Df−1 = Df−1Jf = JDf−1.
As ωX is J invariant, Ω1 is also J invariant, hence
ΩJ ,01;α0,α1,α2 = α0ΩJ + α1Ω0 +
1
n
α2Ω
∗
1
is J invariant, which implies YM01 is Ka¨hler.
Moreover, the moment map is given by
µJ ,01(J, f)
=

−α0
Ric(X, ωX , J) ∧ ωn−1X
(n− 1)! + α1
ωn−1X
(n− 1)! ∧ f
∗ωY − α2
ω2X ∧ f−1∗ ωn−2Y
(n− 2)!2! +
(
S¯
2
− c10α1 − c11α2
)
ωnX
α2
f−1∗ωn−1X
(n− 1)! ∧ ωY − α1
f∗ωnX
n!
− (c20α1 − c21α2)
ωnY
n!

=

−α0
Ric(X, ωX , J) ∧ ωn−1X
(n− 1)! + d
ωn−1X
(n− 1)! ∧ f
∗ωY − α2
ω2X ∧ f∗ωn−2Y
(n− 2)!2! + zω
n
X
α2
f∗ωn−1X
(n− 1)! ∧ ωY − d
f∗ωnX
n!
 ,
where z =
S¯
2
− c10α1 − c11α2, and we choose d = α1 such that c20α1 − c21α2 = 0.
The last part is obvious. 
Hence we get the same moment map equation of Ka¨hler Yang-Mill’s equation for G = U(1) case (see
[ACGFGP13] for general). As a remark, we can easily generalize it into U(1)n case. In general, we can
consider the following equation: Define
YMpq = {(J, f, g) ∈ J (X, ω0)×Map(X, Y ; p)+ ×Map(Y,X;n− q − 1)+|g = f−1, Jf ∈ J (Y, ωY ).}
That is, f ∈ Map(X, Y ; p)+ ∩ Map(X, Y ; q)+. Then YMpq is closed under the action of Ham(X, ωX) ×
Ham(Y, ωY ), and the map
µJ ,p,q,α0,α1,α2 (J, f) := α0µJ (J) +
α1(n− p)
n
µp(f) +
α2(q + 1)
n
µ∗q (f)
is the moment map for
ΩJ ,pq := α0ΩJ +
α1(n− p)
n
Ωp +
α2(q + 1)
n
Ω∗q .
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µJ ,pq(J, f) =

−α0
Ric(X, ωX , J) ∧ ωn−1X
(n− 1)! + α1
ωn−p−1X
(n− p− 1)! ∧
f∗ωp+1Y
(p + 1)!
− α2
ωn−q−1X ∧ f−1∗ ωq+1Y
(n− q − 1)!(q + 1)! + zω
n
X
α2
f−1∗ωn−qX
(n− q)! ∧
ωqY
q!
− α1
f∗ωn−pX
(n− p)! ∧
ωpY
p!
− (c20α1 − c21α2)
ωnY
n!
 .
Moreover, we can choose α1 such that c20α1 − c21α2 = 0.
4. Application
4.1. Obstructions on solving main equations. For moment maps on the complexified orbit, there are
some standard results (see [Wan04]). For example, we can define Futaki invariant, Calabi functional and
Mabuchi functional that can provide some obstructions of the moment map equation µ = 0 (see [Don01],
[Don02], [PS10] for cscK, [DP19] for ccscK, and [ACGFGP13] for Ka¨hler Yang Mill). We will consider the
generalized ccscK equation
µJ ,~p : OJ ,id → Lie
(
k∏
i=0
Ham(Xi, ωi)
)∗
.
For fix fi, we can define a map f
∗
i : Diff(Xi,Xi)→ Diff(X0,X0) by
f∗i ϕ := f
−1
i ◦ ϕ ◦ fi.
We also denote (fi)∗ = (f−1i )
∗. Then we can define
G
~f
0 := Aut(X0, L0) ∩ ∩ki=1f∗i Aut(Xi, Li),
and
G
~f
j = (fj)∗G
~f
0 .
Lemma 4.1. G
~f
j are subgroup of Aut(Xj , Lj). Moreover, the embedding map ι : G
~f
0 →
k∏
i=0
Aut(Xi, Li)
defined by
ι(ϕ) = (ϕ, (f1)∗ϕ, · · · , (fk)∗ϕ)
is an homomorphism, and G
~f
0 is the stabilizer of (J,
~f) as a subgroup of
k∏
i=0
Aut(Xi, Li).
Proof. Let ϕ,ψ ∈ f∗i Aut(Xi, Li) Then fi ◦ ϕ ◦ f−1i , fi ◦ ψ ◦ f−1i ∈ Aut(Xi, Li). Then
(fi ◦ ϕ ◦ f−1i ) ◦ (fi ◦ ψ ◦ f−1i )−1 = fi ◦ ϕ ◦ ψ−1 ◦ f−1i ∈ Aut(Xi, Li),
hence ϕ ◦ ψ−1 ∈ f∗i Aut(Xi, Li).
For the second part, first,
πi(ι(ϕ)ι(ψ)
−1) = (fi ◦ ϕ ◦ f−1i ) ◦ (fi ◦ ψ ◦ f−1i )−1 = fi ◦ ϕ ◦ ψ−1 ◦ f−1i = πi(ι(ϕ ◦ ψ−1)).
It is well known that we can identify Aut(X0, L0) with GJ . We can identify f ∈ gJ with ξf ∈ aut(X0, L0)
defined by
gJ := {f ∈ gCJ |∂¯ξf = 0, ιξf ω = df.}
Also, for ϕ ∈ G~f0 ,
((fi)∗ϕ) · fi = fi ◦ ϕ ◦ f−1i ◦ fi ◦ ϕ−1 = fi.
Finally, if (ϕ0, · · · , ϕk) ∈
∏
i=0k Aut(Xi, Li) such that ϕi ◦ fi ◦ ϕ−10 = fi, then
ϕi = fi ◦ ϕ0 ◦ f−1i ,
which implies ϕ0 ∈ G~f0 . 
Corollary 4.2. Suppose (Xi, Li) is a projective manifold with line bundles with curvature ω0, ..., ωk. Suppose
generalized ccscK has a solution, then ∩ki=0Aut(Xi, Li) is reductive.
Proof. We use the result in [Wan04], corollary 12. Suppose µ(J
ϕ
−1
0
X , ϕ0, ϕ1, ..., ϕk) = 0 has a solution. Then
GCϕ0,ϕ1,...,ϕk is reductive. By assuming (ω0,h0 , · · · , ωk,hk ) be the solution, we have fi = id and
G
~f
0 = G
id
0 =
k⋂
i=0
Aut(Xi, Li)
is reductive. 
We can also define Calabi functional, Futaki invariant and Mabuchi functional.
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Definition 4.3. Let ξ = (ξ0, ..., ξk) be an C
∗ action on
k∏
i=0
Aut(Xi, Li), where
ιξiωi = dhi, ∂¯Jiξi(t) = 0.
Then the Futaki invariant for the moment map defined in theorem 3.11 is defined by
FJ ,~p(ξ) :=〈µJ ,~p(f), ξ〉
=
∫
X0
h0
(
k∑
i=1
f∗i,0ω
pi+1
i ∧ ωn−pi−10
(pi + 1)!(n − pi − 1)!
−Ric(ω0) ∧
ωn−10
(n− 1)! − c0
ωn0
n!
)
+
k∑
i=1
∫
Xi
hi
(
ωpii ∧ fi,0∗ω
n−pi
0
pi!(n− pi)!
− ci
ωni
n!
)
.
The Futaki invariant of the ccscK equation is the case fi,0 = id and pi = 0 for all i = 1, ..., k.
Again, by the standard result (for example, see [Wan04], proposition 6; or see [?Fut83] for the KE case),
we have
Corollary 4.4. Futaki invariant is independent on the choice of ωi with the given class. Moreover, if the
Futaki invariant is non zero, then this moment map equation has no solution in the given Ka¨hler classes.
Besides, we can define the Calabi functional, which is ||µ||2 . Also, let K be a Lie group with a complex-
ifcation KC. Suppose K acts on a space X be a hamilitonian group action, and µ : X → Lie(K)∗, we can
define a K invariant one form on (KC/K), defined by the following: for any v ∈ Lie(K),
α
(
d
dt
e−
√−1tv · g
)
:= 〈µ(g · z), v〉.
It is well defined and independent on the choice of g′ ∈ K · g as
〈µ(kg · z),Adkξ〉 = 〈Adkµ(g · z), Adkξ〉 = 〈µ(g · z), ξ〉.
Lemma 4.5. α is closed. Therefore, it is an exact form, and hence, there is a functional M : KC/K → R
defined by
M(g) :=
∫ 1
0
α(gt)dt,
where gt is any curve connecting a fix point g0 and g.
Proof. Assume [ξ, η] = 0, then by identifying Lie(K) and Lie(K)∗,
dα(ξ, η) =
〈
d
dt
∣∣∣∣
t=0
µ
(
e−
√−1tξ · z
)
, η
〉
− d
dt
∣∣∣∣
t=0
〈
µ
(
e
√−1tη · z
)
, ξ
〉
=〈dµ(JXξ), η〉 − 〈dµ(JXη), ξ〉
=ω(JXξ, Xη)− ω(JXη ,Xξ)
=0,
where Xξ is the vector field
d
dt
∣∣∣∣
t=0
e−
√−1tξ · z. Therefore it is closed. 
As a result, given a moment map, we can define the Mabuchi functional by
Mµ(g) :=
∫ 1
0
α(g˙t)dt,
where g0 = id.
In our case, we can define KC as a complex manifold (the orbit space). Notice that
KC/K · id ∼=
k∏
i=0
PSH(Xi, ωi),
so we can define the Calabi functional and Mabuchi functional by the following.
Definition 4.6. Let (Xi, ωi) be Ka¨hler manifold, then we denote
Hi,pj (hi, hj) :=
n!
(n− p)!p!
ωn−p
i,hi
∧ ωp
j,hj
ωn
j,hj
.
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As
Lie(Ham(Xi, ωi)) ∼= {ϕi ∈ C∞(X)|dϕ = ιXϕωi}/R,
and ∫
Xj
ϕj
ωn−pj ∧ f∗ωpi
(n− p)!(p)! =
∫
σj(Xj)
ϕj(σj(x))
ωn−pj,hj ∧ ω
p
i,σi
(n− p)!!
∣∣∣∣∣∣
σj(x)
=
∫
Xj
ϕiH
i,pi+1
0 (h0, hi)
ωn0,h0
n!
,
the explicit formula of Calabi and Mabuchi functional is given by the following:
Definition 4.7. The Calabi functional CJ ,~p :
k∏
i=0
PSH(Xi, ωi)→ R is defined by the formula
CJ ,~p(~h) =||µJ ,~p( ~σh)||2
=
∫
X0
|Hi,pi+10 (h0, hi)− Sh0 −Hi,pi+10 (h0, hi)− Sh0 |2
ωn0,h0
n!
+
k∑
j=1
∫
Xj
|H0,n−pij (h0, hi)−H0,n−pij (h0, hi)|2
ωnj,hj
n!
.
The Mabuchi functional corresponding to µJ ,~p is given by
MJ ,~p :
k∏
i=0
PSH(Xi, ωi)→ R
such that the variational formula is
dMJ ,~p|h0,...,hk (~ϕ) :=〈µJ ,~p((σ0, · · · , σk) · (J, ~f)), ~ξϕ〉
=
∫
X0
ϕ0
 k∑
i=1
Hi,pi+10 (h0, hi)− Sh0 + S −
k∑
i=1
Hi,pi+10 (h0, hi)
 ωn0,h0
n!
+
k∑
j=1
∫
Xj
ϕj
(
H0,n−pij (h0, hi)−H0,n−pij (h0, hi)
) ωnj,hj
n!
,
where ϕ ∈ C∞(X,R).
Following the standard result of moment map on the comlex orbit (for example, see [Don02],[Wan04]), as
the geodesic is given by e−
√−1tξ · g,
M′(t) = 〈µ(e−
√−1tξ · z), ξ〉,
M′′(t) = ω(−Jξ, ξ) = ||ξ||2 > 0.
As a result,
Corollary 4.8. MJ ,~p is convex along geodesic, hence the solution of the equation
k∑
i=1
(
f∗i ω
pi+1
i,ϕi
(pi + 1)!
∧
ω
n−pi−1
0,ϕ0
(n− pi − 1)!
)
− Ric(ω0,ϕ0 , J0) ∧
ωn−10,ϕ0
(n− 1)! − c0
ωn0,ϕ0
n!
= 0
ωn−p10,ϕ0
(n− p1)!
∧
f∗1 ω
p1
1,ϕ1
p1!
− c1
f∗1ω
n
1,ϕ1
n!
= 0
..
.
ω
n−pk
0,ϕ0
(n− pk)!
∧
f∗
k
ω
pk
k,ϕk
pk!
− ck
f∗kω
n
k,ϕk
n!
= 0
is unique (if exists).
Finally, by [Wan04], corollary 13, we have the following:
Corollary 4.9. We define the extremal metric corresponding to µJ ,~p to be the critical point of CJ ,~p.
Then the extremal metric solves µJ ,~p = 0 (in the domain OJ,id) iff the Futaki invariaant are zero for all
holomorphic vector field.
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4.2. Relation to cscK. We now discuss how this theory may be related to cscK. Although the necessary
and sufficient condition of existence is solved by Chen and Cheng in [CC18], this may still help understanding
the solutions.
Let (X, ω1, ω2) be a compact Ka¨hler manifold with two Ka¨hler forms ω1, ω2. Denote ωt = tω2. Consider
the moment map µt := µ0,t for the ccscK with a twisted
µt = ((f
∗
t (tωt) −Ric(ω1, J)) ∧ ωn−11 − c1(t)ωn1 , (ft)∗ωn1 − c2(t)(ωt)n.
Consider the solution of µt = 0. Suppose ft ∈ O(J,~id) solves the moment map equation. i.e, there exists
(h1(t), h2(t)) ∈ PSH(X, ω1),PSH(X, ω2) respectively such that
((ωt,h2(t)) −Ric(ω1,h1(t), J)) ∧ ωn−11,h1(t) − c1(t)ω
n
1,h1(t)
= 0
ωn
1,h1(t)
− c2(t)ωnt,h2(t) = 0
.
If hi(t) → hi(0) ∈ PSH(X, ωi), and suppose h1(0), h2(0) solves µ0, then c2(t) = 1
tn
, and the equation
becomes
Sh1(0) = c1(0) and ω
n
1,h1(0)
= ωn2,h2(0),
which implies it solved the cscK equation, as the second equation is always solvable with any h1(0), and the
first equation does not involves h2(0). Also, when t→∞, the equations become
(ω2,h2 ) ∧ ωn−11,h1 − c1ω
n
1,h1
= 0
ωn1,h1 = c2ω
n
2,h2
= 0
,
which is the moment equation µ = 0 for equation (3) with p = 0.
Indeed, we can choose different p to get other systems of equations.
(tω2,h2(t))
p+1 − Ric(ω1,h1(t), J) ∧ ωn−p−11,h1(t) − c1(t)ω
n
1,h1(t)
= 0
ωn−p
1,h1(t)
∧ tpωp
t,h2(t)
= c2(t)tnωnt,h2(t)
= 0
.
Notice that c2(t) =
c2
tn − p , so
(tω2,h2(t))
p+1 −Ric(ω1,h1(t), J) ∧ ω
n−p−1
1,h1(t)
− c1(t)ωn1,h1(t) = 0
ωn−p
1,h1(t)
∧ ωp
t,h2(t)
= c2ωnt,h2(t)
= 0
.
For example, we choose ~p = n− 1. Then the equations are
(tω2,h2(t))
n − Ric(ω1,h1(t), J) ∧ ωn−11,h1(t) − c1(t)ω
n
1,h1(t)
= 0
ω1,h1(t) ∧ ωn−1t,h2(t) = c2ω
n
t,h2(t)
= 0
.
When t→ 0, we have
(S − Sh1(0))ωn1,h1(0) = 0
ω1,h1(0) ∧ ωn−12,h2(0) − c2ω
n
2,h2(0)
= 0
.
So it may give other paths to study cscK.
5. Ka¨hler construction for coupled equation p
In this section, we will try to find a suitable space for coupled equation p which is a Ka¨hler manifold.
Let JX to be an integrable almost complex structure of X. Then for any diffeomorphism g : X → Y , we
can define an almost complex structure of Y by
JY := J
g
X := DgJXDg
−1.
This is integrable as the complex local coordinate of Y can be defined by X and g, namely, if
{Ui, ϕi : Ui → Ωi ⊂ Cn}
are complex local coordinate of X, then {g(Ui), ψi := ϕi ◦ g−1 : g(Ui)→ Ωi}, with transition map
ψj ◦ ψ−1i |ψi(g−1(Ui∩Uj)) = ϕj ◦ ϕ
−1
i |ϕi(Ui∩Uj).
However, let (X, ωX , JX), (Y, ωY , JY ) be two Ka¨hler manifold. Notice that JX is compatible with ωX
doesn’t implies JgX is compatible with ωY .
Definition 5.1. Let (X, ωX , JX), (Y, ωY , JY ) be compact Ka¨hler manifolds. Define
J (X, ωX) := {J ∈ Jint(X)|ωX(J ·, J ·) = ωX(·, ·), ωX(J ·, ·) > 0}.
Lemma 5.2. J (X, ωX) is a complex submanifold of Jint(X).
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Proof. The equation of A ∈ TJJ (X, ωX) need to satisfies: for all v, w ∈ Γ(TX),
ωX(Av, Jw) + ωX(Jv, Aw) = 0.
Obviously it is linear. To show that J (X, ωX) is smooth, suppose {Ai} are local coordinate of U ⊂ J . Then
for all ϕiAi, ψjAjTxJ (X, ωX),
ωX([ϕ
iAi, ψ
jAj ]v, Jw) + ωX(Jv, [ϕ
iAi, ψ
jAj ]w)
=ωX(ϕ
i(Aiψ
j)Ajv − ψj(Ajϕi)Ai, Jw) + ωX(Jv, ϕi(Aiψj)Ajv − ψj(Ajϕi)Aiw)
=ωX(ϕ
i(Aiψ
j)Ajv, Jw) + ωX(Jv, ϕ
i(Aiψ
j)Ajv) − ωX(ψj(Ajϕi)Ai, Jw)− ωX(Jv, ψj(Ajϕi)Aiw)
=0,
Hence by Frobenius theorem, it is a smooth submanifold.
Notice that ωX(Av, Jw) + ωX(Jv, Aw) = 0 is also true for −Jv and w, hence for all v, w,
ωX(−AJv, Jw) + ωX(v, Aw) = 0.
Therefore,
ωX(JAv, Jw) + ωX(Jv, JAw) = ωX(−AJv, Jw) + ωX(v, Aw) = 0.
Result follows from the fact that Jint(X) is complex subvariety. 
Define Ff : Map(X,X)×Map(Y, Y )→ Map(X, Y ) to be
Ff (ϕ,ψ) := ψ ◦ f ◦ ϕ−1.
We also denote JϕX := Dϕ ◦ JXDϕ−1 for any ϕ ∈ Map(X,X) (and similarly for JψY .) Notice that
Dϕ−1JϕX = JXDϕ
−1.
Then we define the following:
Definition 5.3. Let (X, ωX , JX), (Y, ωY , JY ) be compact Ka¨hler manifolds. Then we define
KMapωY (X, Y ;JX) := {f ∈ Diffeo(X, Y )|J
f
X = DfJXDf
−1 ∈ J (Y, ωY )}.
We denote KMap(X, Y ) = KMapωY (X, Y ; JX) if there is no confusion on the Ka¨hler form.
As a remark, we can also define KMap(X, Y ) by fixing JY and moving JX .
Lemma 5.4. The manifold (Map(X, Y ), J), where Jδf := DfJXDf
−1δf = JfX , is a complex manifold.
Proof. It is obvious that (Map(Y,X), JX) is a complex manifold as JX is integrable. Notice that the map
inv : Map(X, Y )→ Map(Y,X) defined by
inv(f) = f−1
is a diffeomorphism, hence we can consider J on KMap(X, Y ) by
inv∗JX = Dinv−1JXDinv.
For any v ∈ TfKMap(X, Y ), Dinv(v) = Df−1v ◦ f−1 ∈ Tf−1KMap(Y,X). Therefore, for any w ∈
T−1
f
KMap(Y,X),
inv∗J(v) = Df(JXDf−1v ◦ f−1) ◦ f = DfJXDf−1v.
Therfore, (KMap(X, Y ), J) is a complex manifold with integrable almost complex structure J . 
Lemma 5.5. KMap(X, Y ) and KMap(X, Y ; p)+ is a complex submanifold.
Proof. Consider Map(X, Y ) × J (Y, ωY ) with the product complex structure J(σ,A) = (JfXσ, JY A) for all
(σ, A) ∈ Tf,JY Map(X, Y )×J (Y, ωY ). Then we have a subvariety
W := {(f, JY )|Df(J0X)Df−1 = JY },
here J0X is fixed. We can rewrite the relation as f∗JY −JX = 0 as an endmorphism. By this, we can consider
the map F : Map(X, Y )×J (Y, ωY )→ End(TX) by
F (f, JY ) = f∗JY − JX .
Then W = {F (f, JY ) = 0}. When we differenate with respect to JY direction, say A, then
δAF (f, JY ) =
d
dt
∣∣∣∣
t=0
(Df−1JtYDf) = Df
−1ADf
which is bounded and indeed c|A| < |δAF (f, JY )| < C|A| for some c, C, and for any norm. So W is locally a
graph, which gives the smooth structure of W .
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We now show W is a complex subvariety. Let d
dt
ft = σ and
d
dt
JtY = A at t = 0. Then the condition on
tangent space is given by
−Df−1DσDf−1JYDf +Df−1ADf +Df−1ADσ = 0.
We now see if the vector (JfXσ, JY A) with J
f
X = JY satisfies this relation. Notice that J
f
X = JY implies
JXDf
−1 = Df−1JY .
So
−Df−1DJfXσDf−1JYDf +Df−1JYADf +Df−1JYDJfXσ
= −JXDf−1DσDf−1JYDf + JXDf−1ADf +Df−1JfXJYDσ
= −JXDf−1DσDf−1JYDf + JXDf−1ADf + JXDf−1JYDσ
=JX(−Df−1DσDf−1JYDf +Df−1ADf +Df−1ADσ)
=0.
Also, we need to show that the map π : W → Map(X, Y ) is injective, holomorphic and the image is
KMap(X, Y ). Injective is obvious as if π(f, JY ) = π(f
′, J ′Y ), then f = f
′. When f = f ′, JfX = J
f ′
X .
By the definition, JY ∈ J (X, ωX), hence it is KMapωX (X, Y ). Finally it is holomorphic as this is the re-
striction of the projection map π : Map(X, Y )× J (Y, ωY )→ Map(X, Y ) which is holomorphic.
Notice that KMap(X, Y ; p)+ is an open subset of KMap. As ωn−pX ∧ ωpY is J invariant for (JX , JY ) ∈
J (X, ωX)×J (Y, ωY ), so this is a complex submanifold. 
Remark 5.6. Using same argument, we can prove that KMap(X, Y ) is a complex submanifold of (Map(X, Y ), JY )
as well.
We now prove a main proposition on this section.
Definition 5.7. Let (X, ωX , JX), (Y, ωY , JY ) be compact Ka¨hler manifolds. Then we define
KMapωY (X, Y ; JX) := {f ∈ Diffeo(X, Y )|J
f
X = DfJXDf
−1 ∈ J (Y, ωY )}.
We denote KMap(X,X) = KMapωX (X,X, JX) if there is no confusion on the Ka¨hler form. Then we define
X+
f,p
:= (KMap(X,X) ×KMap(Y, Y )) ∩ F−1
f
(Map(X, Y ; p)+).
Moreover, let (v, w) ∈ T(ϕ,ψ)Map(X,X)×Map(Y, Y ) we also define an almost complex structure onMap(X,X)×
Map(Y, Y ) by
JMap(v, w) := (J
ϕ
X
v, Jψ
Y
w).
Proposition 5.8. Let f : X → Y is a biholomorphism, and define an action Ham(X, ωX) × Ham(Y, ωY )
on Map(X,X)×Map(Y, Y ) which is given by
(σ, η) · (ϕ, ψ) := (σ ◦ ϕ, η ◦ ψ).
Then
(1) Ff commute with the group action.
(2) X+
f,p
is a complex submanifold,
(3) The action Ham(X, ωX)×Ham(Y, ωY ) is closed in X+f,p.
(4) F ∗f Ωp is JMap invariant.
Proof. (1) Ff (σ ◦ ϕ, η ◦ ψ) = η ◦ ψ ◦ f ◦ ϕ−1σ−1 = (σ, η) · Ff (ϕ, ψ).
(2) To show X+
f,p
is a smooth manifold, we only need to show KMap(X,X) is smooth. As Ff is contin-
uous, so it implies X+
f,p
is an open subset, hence it is smooth.
Define G : J (X, ωX)×KMap(X,X)→ End(Γ(TX)) by
G(J, ϕ) = JϕX − J.
Then KMap(X,X) ∼= {(J, ϕ)|G(J, ϕ) = 0.} Also, let A ∈ TJ,ϕJ (X, ωX), then
DGJ,ϕ(A, 0) = −Id,
hence implicit function theorem implies that there exists H : U ⊂ KMap(X,X) → V ⊂ J (X, ωX)
which for G : U × V → End(Γ(TX)), we have
G(J, ϕ) = G(H(ϕ), ϕ) = 0.
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Therefore, (U,H) gives a local coordinate, which implies KMap(X,X) is smooth. Hence KMap(Y, Y )
is also smooth, and thus X+
f,p
is smooth.
We now show X+
f,p
is J invariant. Again, as F−1
f
(Map(X, Y ; p)) is open, and KMap(X,X)
and KMap(Y, Y ) have the same defining function, we only need to show KMap(X,X) is JϕX in-
variant. Then the argument can be used as showing KMap(Y, Y ) is also Jψ
Y
invariant. Suppose
σ ∈ TϕKMap(X,X). The equation we have is the following: for all (v, w) ∈ TxX
ϕ∗ωX(JXv, JXw) = ϕ∗ωX(v, w).
Differentiate it along v, we get
ωX(DσJXv,DϕJXw) + ωX(DϕJXv,DσJXw) = ωX(Dσv, Dϕw) + ωX(Dϕv,Dσw).
Now
ωX(J
ϕ
XDσJXv,DϕJXw) + ωX(DϕJXv, J
ϕ
XDσJXw)− ωX(JϕXDσv, Dϕw)− ωX(Dϕv, JϕXDσw)
=ωX(DσJXv, J
ϕ
XDϕJXw) + ωX(J
ϕ
XDϕJXv,DσJXw)− ωX(Dσv, JϕXDϕw)− ωX(JϕXDϕv,Dσw)
=ωX(DσJXv, DϕJXJXw) + ωX(DϕJXJXv,DσJXw)− ωX(Dσv, DϕJXw)− ωX(DϕJXv,Dσw)
We let u = JXw, then w = −JXu, hence the expression becomes
ωX(DσJXv,DϕJXu)− ωX(Dϕv,Dσu) − ωX(Dσv, Dϕu) + ωX(DϕJXv,DσJXu)
=ωX(DσJXv,DϕJXu) + ωX(DϕJXv, DσJXu)− ωX(Dϕv,Dσu) − ωX(Dσv, Dϕu) = 0.
(3) As Ff preserve the group action, we only need to show KMap(X,X)×KMap(Y, Y ) is closed under
the action. Let (σ, η) ∈ Ham(X, ωX)× Ham(Y, ωY ). Then
(σ ◦ ϕ)∗ωX = ϕ∗σ∗ωX = ϕ∗ωX ,
hence (σ ◦ ϕ)∗ωX is JX invariant. Similar for (η ◦ ψ)∗ωY .
(4) For (v, w), (v′, w′) ∈ Tϕ,ψKMap(X,X)×KMap(Y, Y ),
DFpϕ,ψ(v, w)|x = w|f◦ϕ−1(x) −DψDfDϕ−1v|ϕ−1(x),
so
F ∗pΩp(JMap(v, w), JMap(v
′, w′))
=F ∗pΩp(J
ϕ
Xv, J
ψ
Y w), (J
ϕ
Xv
′, JψY w
′)
=Ωp(J
ψ
Y
w −DψDfDϕ−1Jϕ
X
v, Jψ
Y
w′ −DψDfDϕ−1Jϕ
X
v′)
=Ωp(J
ψ
Y w −DψDfJXDϕ−1v, JψY w′ −DψDfJXDϕ−1v′) ∵ Dϕ−1JϕX = JXDϕ
=Ωp(J
ψ
Y w −DψJYDfDϕ−1v, JψY w′ −DψJYDfDϕ−1v′) ∵ JYDf = DfJX
=Ωp(J
ψ
Y (w −DψDfDϕ−1v), JψY (w′ −DψDfDϕ−1v′)) ∵ DψJY = JψYDψ
=
∫
X
ωY (J
ψ
Y (w −DψDfDϕ−1v), JψY (w′ −DψDfDϕ−1v′))ωn−pX ∧ ωpY
=
∫
X
ωY ((w −DψDfDϕ−1v), (w′ −DψDfDϕ−1v′))ωn−pX ∧ ωpY ∵ JψY ∈ J (Y, ωY )
=F ∗pΩp((v, w), (v
′, w′)).
Hence it is JMap invariant.

As X+
f,p
is a complex manifold, so if (v, w) ∈ T(ϕ,ψ)(X+f,p), then JMap(v, w) = (J
ϕ
Xv, J
ψ
Y w) ∈ T(ϕ,ψ)(X+f,p).
As ωY (J
ψ
Y u, u) > 0 if u 6= 0, so for any (v, w), if
w −DψDfDϕ−1v 6= 0,
then we can choose
(v′, w′) = −JMap(v, w).
However, if w = DψDfDϕ−1v, then it is degenerate. Indeed, the problem is Ff may not be injective. Indeed,
if we consider X = Y , ωX = ωY , then f = id solve the problems, but for any σ ∈ HamC(X), (σ, σ) will solve
the equation as well. Therefore, we cannot apply the theory directly.
As X+
f,p
is closed under the action of Ham(X, ωX)×Ham(Y, ωY ), and Ff preserve the action, we can still
consider the orbit space
Of := HamC(X, ωX) ×HamC(Y, ωY ) · (id, id) ⊂ (X+f,p)
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(as mention before, Ham(X, ωX)
C×Ham(Y, ωY )C is not a group). Notice that it may not be a manifold, but
only a complex variety. Indeed, suppose there exists σ ∈ HamC(X, ωX) ∩ HamC(Y, ωY ), and ωX , ωY solved
coupled equation p, then σ∗ωX , σ∗f∗ωY also solved equation p. This example exists, say,
Example 5.9. Consider (X, ω0, ω1) with
[ω0] = [ω1].
Then by definition, there exists σ ∈ HamC(X, ω0) such that
σ∗ω1 = ω0.
Then
ωn−p−10 ∧ σ∗ωp+11 = ωn0 ; σ∗ωn−p0 ∧ ωp1 = ωn1 ,
that is (id, σ) ∈ Oid solves the equation. Moreover, for any η ∈ Ham(X, ω0) = σ∗Ham(X, ω1), (η, ση) ∈ Oid
and
σ ◦ η ◦ η−1 = σ
implies it also solves the same moment map equation.
Notice that we can consider the equivalent class, namely,
(σ, η) ∼ (σ′, η′) if Ff ((σ, η)) = Ff ((σ′, η′)),
that is,
η′ ◦ f ◦ σ′−1 = η ◦ f ◦ σ−1.
Notice that we may simply consider [Of ] ⊂Map(X, Y ; p)+. Hence we can restrict the moment map into [Of ]
if it is a manifold.
Corollary 5.10. Let (X, ωX) and (Y, ωY ) be two Ka¨hler manifold with two Ka¨hler form, and f is a biholo-
morphism. Suppose [Of ] is a manifold, then µp : [Of ] → Lie
(
k∏
i=0
Ham(Xi, ωi)
)∗
is a moment map. In
particular, if Ham(X, ωX) ∩ f∗Ham(Y, ωY ) = id , then µp is well defined.
Proof. Notice that [Of ] ⊂Map(X, Y ; p)+, and it is closed under the action. Hence µp|[Of ] is well defined. 
Appendix A. Alternate set up for Ka¨hler Yang-Mill equations
In this section, we will try to apply this idea to give alternate set-up of Ka¨hler Yang-Mills equation. Notice
that it is a formal picture only.
A.1. moment map for embedding. Let (X, ωX), (Y, ωY ) be two symplectic manifolds with dimensions
n,m, where n ≤ m. Define EMap(X, Y ) to be the space of embedding maps and
EMap(X, Y ; p)+ := {f ∈ EMap(X, Y )|ωn−pX ∧ f∗ωpY > 0}.
Notice that f−1 is well defined on f(X) and for this case, f∗ = f−1 on f(X). Let Z ⊂ Y be a k dimensional
submanifold. Then we denote δZ be the m− k current on Y , which∫
Y
δZ ∧ α :=
∫
Z
α
for all k forms α on Y .
Lemma A.1. Let 0 ≤ p ≤ n − 1. The moment map µp : EMap(X, Y ; p)+ → Lie(Ham(X, ωX) ×
Ham(Y, ωY ))
∗ is given by
µp(f) =
n
n− p
(
c1
ωnX
n!
− ω
n−p−1
X ∧ f∗ωp+1Y
(n− p− 1)!(p + 1)! , δf(X) ∧
(
f∗(ωn−pX ∧ f∗ωpY )
)
− c2
ωmY
m!
)
.
Proof. The proof is basically the same as the proof of theorem 2.5. The main different is EMap(X, Y ) and
Map(Y, Y ) is not one-one correspondence. However, given v′ ∈ TfEMap(X, Y ), v′|x ∈ Tf(x)Y . Hence, we can
still identify it as v ∈ TgMap(f(X), Y ), where gt(y) := ft ◦ f−1(y). After, we extend this gt to gˆt : Y → Y .
Then the same proof can be applied. Notice that we need to prove that it is independent on the choice of
extension, but we skip here. 
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Remark A.2. For the case where Y is non compact, and
∫
Y
ωmY
m!
=∞, we need to be careful.
Recall that Lie(Ham(Y, ωY )) ∼= C∞0 (Y,R). So we use this definition, and in this case, µp is still well
defined as c2 = 0. However, using this space is quite non convenient.
The second way is, if we can compactify Y to Y such that ωY is well defined, then we can restrict our
domain to be Ham(Y , ωY ).
The third way is, we may give an open covering for Map(X, Y ; p)+, which for any f , a local neighbourhood
is Map(X, V ; p)+, where f(X) ⊂ V ⊂ V ⊂ Y . As X is compact,∫
V
ωmY
m!
<∞.
Hence the moment map formula holds on each Map(X, V ; p)+.
Even ωY is only a closed form, it stills possible that
Ωp(v, w)|f :=
∫
X
ωY (v, w)ω
n−p
X ∧ f∗ωpY > 0
for all v, w ∈ Tf (Map(X, Y )). So it is possible to find a moment map.
We first define
GωY := {η : Y → Y |η∗ωY = ωY }.
As ωY is still a closed form, for all v ∈ Lie(GωY ),
LvωY = dιvωY = 0.
it is still possible to find the v such that ιvωY is exact. Let HωY ⊂ GωY be a subgroup such that the Lie
algebra of HωY satisfies the following: for all v ∈ Lie(HωY ), there exists ψv : Y → R such that
ιvωY = dψv .
With this assumption, we can see that Ham(X, ωX)×HωY < Ham(Γ,Ωp) for p = 0, ..., n− 1.
Lemma A.3. Let Γ ⊂ EMap(X, Y ; p)+ such that
(1) Ωp|Γ is a symplectic form;
(2) There exists HωY ⊂ GωY such that the action of Ham(X, ωX)×HωY is closed in Γ.
Then µp : Γ→ Lie(Ham(X, ωX) ×HωY )∗ is still a moment map.
Therefore, the theory still works.
A.2. curvature on vector bundle. Let (E,h,A) be a hermitian vector bundle of a Ka¨hler manifold (X, ωX)
with connection ∇A which is compatible with the heermitian metric h. Let ωA be the curvature.
Lemma A.4. Let v, w ∈ TX, α, β ∈ E|x for some x,
h(ωA(v, w)α, β) = h(α, ωA(w, v)β).
Proof. W.L.O.G., We may assume [v, w] = 0. Also, denote ∇ = ∇A. Then
h(ωA(v, w)α, β) =h((∇v∇w −∇w∇v)α, β)
=∇v(h(∇wα, β))− h(∇wα,∇vβ)−∇w(h(∇vα, β)) + h(∇vα,∇wβ)
=∇v(∇w(h(α, β)) −∇v(h(α,∇wβ)) − h(∇wα,∇vβ)
−∇w(∇vh(α, β)) +∇w(h(α,∇vβ)) + h(∇vα,∇wβ)
=(∇v∇w −∇w∇v)(h(α, β)) − (∇v(h(α,∇wβ))− h(∇vα,∇wβ))
+ (∇w(h(α,∇vβ)) − h(∇wα,∇vβ))
=0− h(α,∇v∇wβ) + h(α,∇w∇vβ)
=h(α,ω(w, v)β).
Here (∇v∇w −∇w∇v)(h(α, β)) = 0 as [v, w] = 0. 
Notice that, given two section on E, says, s1, s2 ∈ Γ(E), we can define a function s1∧h s2 : X → R defined
by
s1 ∧h s2(x) = h(s1(x), Js2(x))
and we have
s2 ∧h s1(x) = −s1 ∧ s2(x).
In general, we can define ∧ : V E × V E → R by
α ∧ β := h(α, Jβ)
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Definition A.5. Let (X, ω0) be a Ka¨hler manifold, E be a holomorphic vector bundle with hermitian metric
h, connection one form A which is compatible with h. Then we define
ωE : V E × V E → R
by
ωE(α, β)|x :=
∑
i
ωE(vi, Jvi)α ∧ β,
where vi are orthonormal basis of TxX with respect to the metric defined by ω0.
Then by the assumption ωA is Nakano positive, ωE is non degenerate in TΓ(E) ⊂Map(X, V E), hence
Ωp(δs1, δs2) :=
∫
X
ωE(δs1, δs2)ω
n−p
X ∧ s∗ωpE
is a symplectic form on Γ(E).
A.3. group action on vector bundle. Let N be a subgroup of Aut(E) such that for all ϕ : E → E,
(1) π ◦ ϕ ◦ s : X → X for all s ∈ Γ(E) is the identity map, and
(2) ϕ ∈ HωE .
As a remark, π ◦ f ◦ s for all s ∈ Γ(E) implies that if
f(x, v|x) = (f1(x, v|x), f2(x, v|x)),
then f1(x, v|x) = f1(x) is independent on v ∈ E|x.
We consider G := N ⋊Ham(X, ωX). That is,
(ϕ, f) · (ψ, g) := (ϕ ◦ fˆ ◦ ψ ◦ fˆ−1, f ◦ g),
where fˆ : E → E is the lift of f such that fˆ∗∇ = ∇. This implies fˆ ∈ HωE . Then there is an isomorphism ι
between G and a subgroup of HωE by
ι(ϕ, f) = ϕ ◦ fˆ .
(ϕ ◦ fˆ ◦ ψ ◦ fˆ−1 ◦ fˆ ◦ gˆ = (ϕ ◦ fˆ) ◦ (ψ ◦ gˆ)).
As fˆ∗∇ = ∇, fˆ∗ ∈ Ham(E, ωE). Therefore ι(G) ⊂ Ham(E,ωE).
Lemma A.6. There is a group action G acting on the space of smooth section Γ(E) defined by
(ϕ, f) · s(x) = ϕ ◦ fˆ ◦ s(f−1(x)).
Proof. First, π(ϕ ◦ fˆ ◦ s(f−1(x))) = x implies ϕ ◦ fˆ ◦ s(f−1(x)) ∈ E|x, hence it is a section.
(ϕ, f) · ((ψ, g) · s)(x) =(ϕ, f) · (ψ ◦ gˆ ◦ s(g−1(x)))
=ϕ ◦ fˆ ◦ ψ ◦ gˆ ◦ s(f−1(g−1(x)))
=ϕ ◦ fˆ ◦ ψ ◦ fˆ−1 ◦ fˆ ◦ gˆ ◦ s(f−1(g−1(x)))
=((ϕ, f) · (ψ, g)) · (s(x)).

A.4. moment map of vector bundle. By Lemma A.3 and A.6, define
Γ(E; p)+ := {s ∈ Γ(E)|Ωp > 0}.
Using the same proof in Lemma 2.2, Γ(E; p)+ is closed under the action of N ⋊Ham(X, ωX). Therefore, for
0 ≤ p ≤ n− 1, the moment map µp : Γ(E; p)+ → Lie(Ham(X, ωX)×G)∗ is given by
µp(s) =
n
n− p
(
c1
ωnX
n!
− ω
n−p−1
X ∧ s∗ωp+1E
(n− p− 1)!(p + 1)! , δs(X) ∧
(
s∗(ωn−pX ∧ s∗ωpE)
(n− p)!p!
)
− ω
m
E
m!
)
.
Now, we have G → Ham(X, ωX) × Ham(E,ωE). The action of G on Γ(E) is the same as the action
of Ham(X, ωX) × Ham(E,ωE) on Map(X,E). Hence, the moment map is the induced map ι∗ ◦ µ, where
ι∗ : Lie(Ham(X, ωX) ×Ham(E,ωE))∗ → Lie(G)∗ induced from ι : G→ Ham(X, ωX)× Ham(E,ωE).
We now compute ι∗. First, we have ι(η, f) = η ◦ fˆ . Let (α, v) ∈ Lie(G), then
ι∗(α, v) =
(
v,
d
dt
∣∣∣∣
t=0
(id + tα+ O(t2)) ◦ (id + tv̂ + O(t2))
)
= (v, α+ vˆ).
Recall that Lie(Ham(E,ωE)) defined by the identification that
dϕˆ = ιXϕˆωE .
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Let v ∈ Lie(Ham(X, ωX)). Then
dϕv = ιvωX .
Hence using the map G→ Ham(X, ωX)×Ham(E, ωE),∫
s(X)
ϕˆ(x, v)
s∗ωn−pX ∧ ωpE
(n− p)!p! =
∫
X
ϕ(x)
ωn−pX ∧ s∗ωpE
(n− p)!p! .
Finally, let ι(G) = Ham(X, ωX) × N , where N < Ham(E, ωE) is the normal subgroup which π(η) = id for
all η ∈ N . Then Lie(N) < C∞(E), so,
Lemma A.7. For all ϕ, ψ ∈ C∞(X)× Lie(N) ⊂ C∞(X) × C∞(E),
ι∗µp(s)(ϕ, ψ) =µp(s)(ϕ, ϕ+ ψ)
=
n
n− p
∫
X
ϕ
(
ωn−pX ∧ s∗ωpE
(n− p)!p! −
ωn−p−1X ∧ s∗ωp+1E
(n− p − 1)!(p + 1)! − c
′
1
ωnX
n!
)
+
n
n− p
(∫
X
ψ ◦ s
(
ωn−pX ∧ s∗ωpE
(n− p)!p!
)
− c2
∫
E
ψ
ωn+kE
(n+ k)!
)
.
Let X be a Ka¨hler manifold and E be a hermitian line bundle which is Nakano positive. Denote the
complex structure of E to be J (E,ωE) Consider the space
Yp := {(JX , s) ∈ J (X, ωX)× Γ(E)|Ds · JX ·Ds−1|s(X) = JE |s(X) for some JE ∈ J (E,ωE).}
Notice that
DϕDfˆDsDf−1DfJXDf−1DfDs−1Dfˆ−1Dϕ−1|s(X) = DϕDfˆJEDfˆ−1Dϕ−1|s(X).
Now, ϕ, fˆ ∈ Ham(E, ωE) implies
DϕDfˆJEDfˆ
−1Dϕ−1 ∈ J (E, ωE),
hence this is closed under the action of G. Also, it is a complex manifold by the proof of Lemma 3.8. Indeed
by the proof in theorem 3.9, ΩJ ,p := ΩJ +Ωp is also a Ka¨hler form. Hence we can consider the orbit space
O(JX ,s0) := GC · (JX , s0).
We also define
s∗0ωE := ωs0
which is assumed as a Ka¨hler form on X. As a result, similar to theorem 3.9 and 3.11, the moment map
equation µJ ,p|O(JX,s0) is given by
ωn−pX,hX ∧ ω
p
s0,hs
(n− p)!p! −
ωn−p−1X,hX ∧ ω
p+1
s0,hs
(n− p− 1)!(p + 1)! − Ric(X, ωX,hX ) ∧ ω
n−1
X,kX
+ (c′1 + a)
ωnX,hX
n!
= 0
ωn−p
X,hX
∧ ωp
s0,hs
(n− p)!p! − c2
ωn
s0,hs
n!
= 0,
where hX , hs are the Ka¨hler potential corresponding to ωX and ωs0 = s
∗
0ωE .
As a remark, if E =
k⊕
i=1
Ei, then
k∏
i=1
H(E,ωEi )
⊂ H(E,ωE),
where ωE :=
k∑
i=1
ωEi . Also, if si are section of Ei, (s1, ..., sk) = s1⊕· · ·⊕ sk ∈ Γ(E). Also, as N =
∏k
i=1Ni,
we have
G =
k∏
i=1
Gi,
where Gi = Ni ⋊Ham(X, ωX). As a result, in this case, we can get a system of multiple equations instead of
two equations by composing the moment map with the induced embedding map ι∗ : Lie(G)∗ →
⊕
i
Lie(Gi)
∗.
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A.5. Ka¨hler Yang-Mills equation. We now recall the Ka¨hler Yang-Mills equation. Let P be a principal
bundle of X, and E be its adjoint bundle. Let ∇A be the induced connection with connection one form A,
and let
ωA = dA+A ∧A
be the induced curvature form. We also denote A to be the space of connection. Let G = N ⋊Ham(X, ωX),
where N be the group we defined above. By the map ι(η, f) = η ◦ fˆ , we can find a formula of the action on
A 1. Let s ∈ Γ(E), and g = ι(η, f) ∈ G, then
g(d+ A)g−1(s) =gd(g−1 · (s)) + gAg−1(s)
ds+ (g ·A)s =g(dg−1)s+ gg−1ds+ gAg−1s
g ·A =gdg−1 + gAg−1.
Lemma A.8. Let g = η ◦ fˆ , then
g ·A := ηfˆ(dfˆ−1)η−1 + ηdη−1 + ηfˆAfˆ−1η−1
is the group action on A.
Proof. We need to check if g1 · (g2 · A) = (g1 · g2) ·A.
g1 · (g2 ·A) =g1 · (η2 fˆ2(dfˆ−12 )η−12 + η2dη−12 + η2fˆ2Afˆ−12 η−12 )
=η1fˆ1dfˆ
−1
1 η
−1
1 + η1dη
−1
1 + η1fˆ1
(
η2fˆ2(dfˆ
−1
2 )η
−1
2 + η2dη
−1
2 + η2fˆ2Afˆ
−1
2 η
−1
2
)
fˆ−11 η
−1
1
On the other hand, recall that (η1, f1) · (η2, f2) = (η1fˆ1η2fˆ−11 , f1f2). Hence
g1g2 = η1fˆ1η2fˆ2
(g1g2) · A =η1fˆ1η2fˆ2d(fˆ−12 η−12 fˆ−11 η−11 ) + η1fˆ1η2fˆ−12 Afˆ−12 eta−12 fˆ−11 η−11
=g1 · (g2 ·A).

Corollary A.9. Let (α, v) ∈ Lie(G). Then the Lie algebra action is given by
(α, v) ·A =vˆ − dvˆ + α− dα + αA+ vˆA− Avˆ − Aα
=(α+ vˆ) − d(α + vˆ) + [(α+ vˆ), A]
Proof. Let η = id+ tα+ O(t2), fˆ = id+ tvˆ + O(t2), result follows by direct calculation. 
Therefore G is acting on A. As explained in [ACGFGP13], we can consider the GC orbit. Notice that
GC · (J,A0) ∼= O(J,s0) ∼= GC. To compare the moment map, we need to compare the metric on both spaces.
Denote
ΩA0 (a, b) =
∫
X
a ∧ b ∧ ω
n−1
0
(n− 1)! ,
and the moment map is given by
µA0 : A → (Lie(N) ⊕ Lie(Ham(X, ωX)))∗
by
µA0 (θAξ, ϕ) =
∫
X
θAξ ∧
(∧
FA − z
) ωn0
(n)!
+
∫
X
ϕ
(∧
(FA ∧ FA)−
∧
ωA ∧ z
) ωn0
n!
.
where
∧
ωA0 = ωE by definition.
1In [DP19], they also provide a formula which is slightly different
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A.6. Discussion. We first give some ideas about the relation between these two moment maps.
For rank 1, suppose there exists α0 such that it forms a fix non vanishing smooth section on V E with
h(α0, α0) = 1.
Let s be a section such that we can identify
s∗0ωA(α) = ωA(·, ·)α0 ∧ α.
We further suppose vi such that at x,
s∗0ωA(·, ·) = Aidvi ∧ dJvi; ω0 = dvi ∧ dJvi.
By identifying a section α with αα0,∑
i,k
ωA(vi, ·)αα0 ∧ ωA(vk , ·)βα0 ∧
ωn−10
(n− 1)!
=αβ
∑
i
ωA(Jvi, vi)α0 ∧ ωA(vi, Jvi)α0
ωn0
n!
=− αβ
∑
i
A2i
ωn0
n!
=−
∑
i
ωA(vi, Jvi)(α, β)
s∗0ωA ∧ ωn−10
(n− 1)! .
Suppose we can take s∗0ωA = s
∗ωA0 , then we can see up to a constant, Ω
A
0 |A = Ω1|s. This gives an idea
why this two formulation may represent same moment map for the case E = L (hence E = L1 ⊕ · · · ⊕ Lk).
But there are still more to check, such as the existence of α0 and s. Also, we need to check if this preserves
the GC map in two spaces ( Notice that GC is not a group).
Moreover, we may ask what is the relation between this two formulations. On the oe hands, these two
formulation gives a similar equations. However, in general, what is ΩAp ? Indeed, are µA0 = µ1 in general?
If not, are there another formulation using Map(X, Y ) to get the same equation? Notice that there is
another way to get a 2 form from the curvature ωA, namely, if we find a local basis if sections {si}ki=1, with
h(si, sj) = δij . We can define a matrix value 2 form. Hence we take the trace and we can get the 2 form on
X. That is,
ΩA :=
∑
i
h(ω(·, ·)si, si) =
∑
i
(ω(·, ·)si ∧ ∂¯si).
For line bundle case, one may consider ΩAp . In [DP19], they compute the moment map using ΩAn−1 for
line bundle case (indeed L1 ⊕ · · ·Lk case). Using our identification, N acts on Γ(E;n)+ defines a moment
map, hence we can combine with µJ to get the moment map they provided, that is,
µJ ,n(ϕ,ψ) =
∫
X
(ψ ◦ s)s∗ωnE +
∫
X
ϕRic(X, ωX) ∧
ωn−1X
(n− 1)! − c2
∫
X
ϕ
ωnX
n!
,
where ∫
E
ψ
ωn+1E
(n+ 1)!
= 0.
Moreover, they used an identity (Lemma 8, [DP19]), which is∫
X
ϕˆv(s(x))
ωn−q0 ∧ s∗ωqE
(n− q)!q! −
∫
X
ϕv(x)
ωn−q−10 ∧ s∗ωq+1E
(n− q − 1)!(q + 1)! = c.
(The sign different bases on the convention ). Notice that this identity holds bases on the injective group ho-
momorphism ι : Ham(X, ωX)→ Ham(E,ωE), which gives v ∈ Lie(Ham(X, ωX)) two different identification,
namely ϕ and ϕˆ which
dϕv = ιXvωX , dϕˆv = ιXvωE .
If there exists a group H such that we can define an embedding ιN : H → N and ιX : H → Ham(X, ωX),
then for any g ∈ N , there exists ψg ∈ C∞(E) ∼= Lie(N) and ϕˆg ∈ C∞(E) ∼= Lie(ι(Ham(X, ωX))) ⊂
Lie(ι(Ham(E,ωE))) such that
ψg ◦ s = ϕˆg ◦ s.
Then by normalizing ωX and ωE , we have a moment map µJ ,n : Map(X,L)→ Lie(H)∗ such that
µ˜J ,n(g) =
∫
X
(ψg ◦ s)
(
s∗ωnE
n!
− ω
n
0
n!
)
−
∫
X
ϕg
(Ric(ωX)− s∗ωE − cωX) ∧ ωn−1X
(n− 1)! ,
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which the solution of µJ ,n = 0 can solves this equation. In particular, we can also see that the solution of
ccscK solves µ˜J ,n = 0. However, as the domain of µ˜J ,n(g) is restricted, we may ask if s solves µ˜J ,n(g) and
s is in the orbit space, does it imply (ω0, s∗ωE) solves ccscK?
Also, using this formula, is it possible to define ωn−qX ∧ f∗ωqY for q ≥ n? Moreover, can we find the
moment map for Ωq for q ≥ n?
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